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The erosion of perfectly brittle materials under low-speed impacts
is studied by the combination of the Hertzian contact theory and
the maximum stress criterion. It is found that the fractional
erosion per impact is proportional to the product of the square
root of the yield strain and the ratio of the kinetic energy per
volume of the impacting body to the critical strain energy density
of the target. The novel formula is conceptually extended to the
erosion of cracked brittle materials. [DOI: 10.1115/1.4046019]
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1 Introduction
The tribological term of erosion refers to the wear by solid parti-

cle impingements [1]. For brittle targets, it is well-known that cracks
can form and propagate when the impact speed reaches a threshold
[2]. Therefore, fracture mechanics has been frequently used to
predict the mass or volume removal by an impacting particle,
e.g., Refs. [3,4], since the early attempt of Sheldon and Finnie
[5,6]. A theoretical estimation shows that the minimum impact
speed to cause surface yield is only 0.14 m/s for a hard steel
sphere striking a medium-hard steel body [7]. Does the erosion of
brittle materials without the emergence of cracks occur under low-
speed impacts? Yes, this is a real process although the instantaneous
or short-term damage might be invisible or little. Rocks are often
regarded as an ideally brittle material in fracture mechanics [8], as
well as glasses, ceramics, and ice. In arid, coastal, and periglacial
environments on earth, wind-carried solid particles can slowly
shape many types of rocks, such as basalt, marble, carbonate, and
dolerite etc., to form ventifacts with one or more facets separated
by sharp keels over long time periods [9–12]. Another common
erosive morphological feature in arid environments is yardangs,
often having beautiful streamlined shapes [13,14]. Our knowledge
of Mars has been advanced extraordinarily over the past several
decades. As an active geological process on the current Martian
surface, wind erosion has sculpted abundant landforms analogous
to terrestrial ventifacts and yardangs [15–17]. The accurate predic-
tion of the erosion rate is crucial to understand the evolution of these
aeolian features. It is experimentally found that erosion rate is pro-
portional to the kinetic energy of impacting particles [18]. Subse-
quently, the Young’s modulus and yield stress of target materials
are theoretically introduced into this empirical formula [19,20].
One weakness of the later works is that the contact area during
impact is replaced with a point. In this study, another simple expres-
sion for erosion rate is derived according to the more rigorous Hert-
zian contact theory.

2 Model
The perpendicular collision between a rigid sphere and a half-

space consisted of a pure brittle material is a special case of the

collinear impact of two elastic spheres. Assuming that the contact
area is small when compared with the dimensions of the impacting
sphere, the following maximum compression δ* is obtained from
the motion equation of the Hertzian theory [7,21],

δ* =
15mv20
16R1/2E

( )2/5

(1)

where m, R, and v0 are the mass, radius, and initial speed of the
sphere and E is the Young’s modulus of the half-space.
The corresponding maximum contact radius a* and pressure

p* are

a* =
�����
Rδ*

√
(2)

and

p* =
2a*E
πR

(3)

The volume removal is taken to be proportional to the volume
bounded by the outermost ring crack around the contact area and
the depth of the initial crack in the crack-based method [22]. Anal-
ogously, the erosion volume V per impact is estimated as

V ∝ a2h (4)

where a and h are the maximum radius and depth where the target
material reaches its elastic limit.
The stress field within the half-space and failure criterion must be

provided to compute a and h. The maximum stress criterion is often
utilized to predict the failure of brittle materials. For simplicity, the
uniaxial tension and compression strengths are denoted by the same
symbol of σs. The detailed expressions of stress components can be
found in Ref. [7]. The tensile stress outside the contact circle deter-
mines the maximum radius a of failure

1 − 2ν
3

a*
a

( )2
p* = σs (5)

where ν is the Poisson’s ratio of the target material.
There is no impact erosion if the maximum tensile stress occur-

ring at the edge of the contact area is less than σs. When a = a*,
Eqs. (1)–(3) and (5) determine the threshold impacting speed,

v*0 =
4E
5πρ

( )1/2 3πσs
2(1 − 2ν)E

[ ]5/2
(6)

where ρ is the density of the impacting sphere.
The compressive stress along the symmetric axis gives the equa-

tion of the maximum depth h of failure,

1 +
h

a*

( )2

=
p*
σs

(7)

When p*/σs ≫ 1, Eq. (7) reduces to

h ∝
p*
σs

( )1/2

a* (8)

Combining Eqs. (4), (5), and (8), we have,

V ∝
p*
σs

( )3/2

a3* (9)

Substituting Eqs. (1)–(3) into Eq. (9), the volume removal is

V ∝ R3 ρv20
E

( )9/10
E

σs

( )3/2

(10)

Since particle size is often described by diameter d= 2R rather
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than the radius and 9/10 in Eq. (10) is very close to 1, we get,

V

d3
∝
ρv20
E

E

σs

( )3/2

=
ρv20E
σ2s

σs
E

( )1/2
(11)

The contact pressure is calculated under the assumption that each
body can be regarded as an elastic half-space [7]. Hence, Eq. (11) is
also suitable for the erosion of a brittle sphere normally impacting a
rigid wall.

3 Results and Discussion
It is necessary to explain the physical meanings of formulae first.

The non-dimensional term of A1 = ρv20E/σ2s in the right side of
Eq. (11) represents the ratio of the kinetic energy per volume of
the impacting sphere to the critical strain energy density of the
brittle target. It has been derived in a more complicated manner
[19]. It should be pointed out that the model of Sheldon and
Finnie [5] can be simplified to a similar expression of A1 when
the flaw distribution parameter is large enough. The novel expres-
sion of A2 = A1 σs/E

( )1/2
further reflects the effect of yield strain.

Are A1 and A2 practical? An apparatus was designed and con-
structed to measure the erosion rate of various rocks [15,18]. The
control of most dominant parameters such as impact velocity,
impact angle, impacting grain size, target type, and atmospheric
density, etc. was realized. A series of impact erosion experiments
were performed by Greeley et al. [18] for the detailed experimental
procedure. One of them is that 125∼ 180 μm quartz grains normally
impact a wide range of target materials including basalt, obsidian,
rhyolite, gypsum cement, and brick, etc. Unfortunately, the
mechanical behaviors of these targets were not measured simulta-
neously. Here, the data of basalt and rhyolite are selected to test
the above-mentioned model, because the mechanical parameter
ranges of these two rocks are narrow. The values of Young’s
modulus and yield strength are E= 89 GPa, σs = 71MPa for
basalt, E= 26 GPa, σs = 45MPa for rhyolite [19]. As shown in
Fig. 1, the experimental data can be well fitted by the theoretical
non-dimensional parameters of A1 and A2. This indicates that the
yield strain effect contained in A2 might be insignificant for brittle
targets. There is a fundamental difference between A1 and A2. For
A1, the threshold impacting speed v0* is zero because the stress
field at the unique contact point is singular [19]. It is estimated
from Eq. (6) that v0*= 0.025 m/s for basalt and 0.094 m/s for rhyo-
lite while ρs = 2.65 × 103 kg/m3 and ν = 0.3. The threshold impact-
ing speeds are so small that the applications of A1 and A2 do not
differ greatly. Although the object of our study is aeolian erosive

features, the obtained erosion ratio expressions also apply to
bedrock erosions by solid particles in coastal and fluvial environ-
ments because their solid-to-solid contact and damage processes
are similar.
Finally, let us compare the presented work with other models.

There are many wear models using different variables and mechan-
ical parameters [23]. For perfectly brittle materials, Young’s
modulus and yield strength are sufficient. Assuming that the
contact pressure is equivalent to the yield stress, another form of
the fractional erosion per impact can be derived [24]. When
ρv20 ≫ σs, it reduces to ρv20/σs which is more simple than A1 or
A2. For cracked brittle materials, the crack extension is governed
by the critical stress intensity factor, also known as fracture tough-
ness. The crack instability problem of a large plate containing a
crack subjected to a remote and uniform tensile load perpendicular
to the crack line has been solved by the Griffith crack theory [25].
The fracture toughness is expressed as

Kc = σs
���
πl

√
(12)

where l is the one-half crack length.
Different from the Hertzian contact in which a* ≪ d, the crack

length could be scaled with the impacting sphere,

l ∼ d (13)

Replacing σs in A1 with Kc, we get a dimensionless parameter,

η =
ρv20Ed
K2
c

(14)

It is interesting that η is analogous with the fractional erosion
developed for semi-brittle materials by Ghadiri and Zhang [4].
The later is,

η =
ρv20Hd
K2
c

(15)

where H is the hardness. Compared with Eq. (14), the Young’s
modulus E disappears, because the contact time in their model is
estimated by plastic flow rather than elastic deformation. The hard-
ness H is commonly several times of the yield stress σs. For per-
fectly brittle materials, Eq. (15) also reduces to ρv20/σs.

(a) (b)

Fig. 1 Comparison between experiment and theory. The longitudinal coordinate is V/d3 multiplied by an unknown constant.
The data can be well fitted by the non-dimensional parameters of A1 and A2: (a) change of impact erosion with A1 and
(b) change of impact erosion with A2.
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4 Conclusions
The Hertzian contact theory leads to a simple erosion expression

for the perfectly brittle materials under low-speed impacts. The
novel dimensionless parameter reflects the ratio of the kinetic
energy per volume of the impacting sphere to the target’s critical
strain energy density plus the yield strain effect. It can be extended
to the erosion of cracked brittle materials conceptually. This theoret-
ical work provides an alternative formula for the fractional erosion
per impact, different from the previous models established under the
assumption of pure plastic deformation during impacts.
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